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Abstract 

In this paper we prove an Alexandrov type theorem for a quotient space of 
H 2 x R . More precisely we classify the compact embedded surfaces with con- 
stant mean curvature in the quotient of H 2 x R by a subgroup of isometries 
generated by a parabolic translation along horocycles of M 2 and a vertical 
translation. Moreover, we construct some examples of periodic minimal sur- 
faces in H 2 x R. 

1 Introduction 

Alexandrov's famous theorem, proved in 1962, is a theorem of classification. It 
tells us that the only compact embedded constant mean curvature hypersurface 
in I^IEP and §™ is the round sphere. Since then, some people have proved an 
Alexandrov type theorem in other spaces. 

For instance, in [8J W.T. Hsiang and W.Y. Hsiang proved that a compact 
embedded constant mean curvature surface in i 2 x R or in 8 i x R is a rotational 
sphere. They used the Alexandrov reflection method with vertical planes in order 
to prove that for any horizontal direction, there is a vertical plane of symmetry 
of the surface, orthogonal to that direction. To apply the Alexandrov reflection 
method we need to start with a vertical plane orthogonal to a given direction 
that does not intersect the surface, and in S 2 x R, this fact is guaranted by the 
hypothesis that the surface is contained in a hemisphere times R . We remark that 
in § 2 x R, we know there are embedded rotational constant mean curvature tori, 
but the Alexandrov problem is not completely solved, as in Nii3,PSL2(R) and 
Berger spheres too. 

In S0I3, Rosenberg proved an embedded compact constant mean curvature 
surface is a sphere [lj. 

Recently, Mazet, Rodriguez and Rosenberg [4J considered the quotient of 
H 2 x R by the discrete group of isometries of H 2 x R generated by a horizon- 
tal translation along geodesies of H 2 and a vertical translation. In this space they 
proved an Alexandrov type theorem, i.e., they classified the compact embedded 
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constant mean curvature surfaces in this quotient space. Moreover, they con- 
tracted examples of periodic minimal surfaces in H 2 x R, where by periodic we 
mean a surface which is invariant by a non-trivial discrete group of isometries of 
H 2 x R. 

In this paper we also consider periodic surfaces in H 2 x R . The discrete groups 
of isometries of H 2 x R we consider are generated by a horizontal translation ip 
along horocycles c{s) of H 2 and/or a vertical translation T(h) by some h > 0. 
In the case the group is the 1? subgroup of the isometry group generated by 
i/j and T(/i), the quotient space M = H 2 x R f[^T(h)] is diffeomorphic but not 
isometric to T 2 x R, where T 2 is the 2-torus. Moreover, M is foliated by the family 
of tori T(s) = c(s) x R/[^,T(/i)] which are intrinsically flat and have constant 
mean curvature \. 

This paper is organized as follows. In section 2 we fix some notation. In 
Section 3 we classify the compact embedded constant mean curvature surfaces 
in such a i.e., we prove an Alexandrov type theorem for doubly periodic H- 
surfaces (see Theorem [I]). In section 4 we construct some examples of periodic 
minimal surfaces in H 2 x R . In section 5 we prove a multi- valued Rado theorem 
for small perturbations of the helicoid (see Theorem [2]). 

Acknowledgements. This work is part of the author's Ph.D. thesis at IMPA. The 
author would like to express her sincere gratitude to her advisor Prof. Harold Rosenberg 
for his constant encouragement and guidance throughout the preparation of this work. 
The author was financially suported by CNPq-Brazil. 

2 Preliminaries 

Throughout this paper, the Poincare disk model is used for the hyperbolic plane, 
i.e. 

H 2 = {(x,y) e R 2 | x 2 + y 2 < 1} 
with the hyperbolic metric Q-\ — n _ 2 4 _ 2 \2 9o, where go is the Euclidean metric 

in R 2 . In this model, the asymptotic boundary docM 2 of H 2 is identified with the 
unit circle. Consequently, any point in the closed unit disk is viewed as either a 
point in H 2 or a point in <9ooHI 2 . We denote by the origin of H 2 . 

In H 2 we denote by 70,71 the geodesic lines {x = 0}, {y = 0}, respectively. 
For j = 0, 1, we denote by Yj the Killing vector field whose flow (^lei-i^i) 
is the hyperbolic translation along jj with 0/(0) = (7sin7r/, Icosnj) and has 
(sin7r/, cos7rj) as attractive point at infinity. We call the flow of lj, 

even though the family is not parameterized at the right speed. 

We write t for the height coordinate in H 2 x R and denote by tv : H 2 x R — >► H 2 
the vertical projection. In what follows, we will often identify the hyperbolic plane 
H 2 with the horizontal slice {t = 0} of H 2 x R . The vector fields Yj,j = 0, 1 and 
their flows naturally extend to horizontal vector fields and their flows in H 2 x R . 
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Denote by (c(s)) sG r the family of horocycles in H 2 tangent to (1, 0) at infinity. 
Given two points p,q G c(s), we denote by -0 the parabolic translation along c(s) 
such that ^(p) = q. 



/ 7i 


7o 


— [ £ j 









'(1,0) 



We write to denote the geodesic arc between the two points g of H 2 xR. 

3 The Alexandrov problem for doubly periodic con- 
stant mean curvature surfaces 

Take two points p,q G c(s), for some s, and let ij) be the parabolic translation 
along c(s) such that ij){jp) = q. We have r/j(c(s)) = c(s) for all s. Consider G the 
1? subgroup of Isom(H 2 x R) generated by ij) and T(h), for some positive /i. We 
denote by A4 the quotient of M 2 x R by G. The manifold A4 is diffeomorphic to 
T 2 xR. Moreover, M is foliated by the family of tori T(s) = (c(s) x R) /G, 5 G R, 
which are intrinsically flat and have constant mean cuvature |. Therefore, the tori 
T(s) are examples of compact embedded constant mean curvature surfaces in A4. 
We have the following answer to the Alexandrov problem in Ad. 

Theorem 1. Let Y d Ad be a compact embedded surface with constant mean 
curvature H. Then H > |. Moreover, 

1. If H =\, then S is a torus T(s), /or some 5; and 

If H > ^ T, is either the quotient of a rotational sphere, or the quotient of 
a vertical unduloid (in particular, a vertical cylinder over a circle). 

Proof. Let S be a compact embedded surface in Ad with constant mean curvature 
H. As S is compact, there exist sq < s\ G R such that S is between T(si) and 
T(so) and it is tangent to T(so), T(si) at points g, respectively, as illustrated in 
the figure below. 

For s > si,T(s) does not touch S and S stays in the mean convex region 
bounded by T(si). By comparison at g, we conclude that H > \. If H = |, then 
by the maximum principle S is the torus T(si), and we have already proved the 
first part of the thereom. 
_ To proof the last part, consider a connected component S of the lift of S to 
M=H 2 xl /[T(/i)] = EPx S 1 . Denote by c(s) the surface c(s) x S 1 . Note that 
c(s) is the lift of T(s) to Ad. 
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Claim. S separates M = I 2 x S 1 . 

In fact, if it is not the case, we can consider a geodesic arc 7 : (— e, e) A4 
such that 7(0) E E,7'(0) EjTE^ and we can join the points 7(— e),7(e) by a 
curve that does not intersect E, hence we obtain a jordan curve whose intersection 
number with E is 1 modulo 2. Note that each point of E has bounded distance 
to c(so). Since we can homotop the jordan curve such that its points are an 
arbitrary distance from c(sq), we conclude that this jordan curve does not intersect 
S anymore, contradicting the fact that its intersection number is 1 modulo 2. Thus 
the claim is proved. 

Let us call A the mean convex component of M \ E with boundary E and £> 
the other component, hence M \ E = A U £> . Also, let p,q £ A4 whose projections 
in .M are g respectively. 

Let 7 be a geodesic in H 2 that limits to (1,0) E dooH 2 , 7(-oc) = (1,0) (the 
point where the horocycles c(s) are centered) and consider (ItjteR ^ ne family of 
geodesies in H 2 orthogonal to 7. Denote by P(t) the totally geodesic vertical 
annulus l t x S 1 of M = H 2 x S 1 . Since E is a lift of the compact surface E, it 
stays in the region between c(si) and c(so)> an d the distance from any point of E 
to c(si) and to c(sq) is uniformly bounded. 




7(+oo) 



For t large, P(t) is contained in B and disjoint from c(s\). Moreover, P(t) has 
points at an arbitrary distance from c(si). It follows that P(t) D E is compact 
for all t, and is empty if \t\ is large enough. Then start with t close to infinity 
and let t decrease until a first contact point between E and P(to). By the maxi- 
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mum principle, we know that the mean curvature vector of S does not point into 

Let us suppose SD7 has at least two points. Continuing to decrease t and start 
Alexandrov reflection procedure for S and the family of vertical totally geodesic 
annuli we get a first contact point between the reflected part of S and S, for 

some ti E R. Then S is symmetric with respect to P(h). But Sn ^|J ti<f<to 

is compact, and then S is compact. Hence, given any horizontal geodesic f3 that 
limits to (1,0) (or to any other point in (1, 0) x S 1 ) we can apply the Alexandrov 
procedure with the family of totally geodesic vertical annulus Q(t) = l t x S 1 , 
where (lt)teR ^ s the family of horizontal geodesies orthogonal to /3, and we obtain 
a symmetry plane. 

Hence we have shown that if some geodesic that limits to (1,0) intersects S 
in two or more points, then S lifts to a rotational cylindricaly bounded surface S 
in H 2 x R . If S is non compact then S is a Delauney surface and if S is compact, 
by the Hsiang-Hsiang's theorem, we know that S is a rotational sphere. 

Now, let us suppose every geodesic that limits to (1,0) intersects S in at most 
one point. In particular, the geodesic (3 that limits to (1,0) and passes through 
p E c(so), intersects S only at p. Write /3~ to denote the arc of (3 between p and 
/3(+oo). 




/?(+oo) 

As /3 H £ = {p}, we have^/3" n £ = and then fi~ C S. 

Hence, at the point p E S fl c(so), the mean curvature vectors of S and c(so) 
point in the same direction and S is on one side of c(so), then by comparison we 
get H < \. But we already know that H > \. Hence, H = \ and S = c(so) by 
the maximum principle. Therefore, S = T(so)- 

□ 

4 Periodic minimal surfaces 

In this section we are interested in constructing minimal surfaces which are invari- 
ant by a subgroup of Isom(H 2 x R) isomorphic to 1? or generated by a vertical 
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translation. In fact, we only consider subgroups generated by a parabolic trans- 
lation along a horocycle and/or a vertical translation T(/i), for some h > 0. 

4.1 Doubly periodic minimal surface 

Denote by 70,71 the geodesic lines in H 2 , {x = 0}, {y = 0}, respectively. Let c 
be a horocycle orthogonal to 71, and consider q E c equidistant points to 71. 
Take a, (3 geodesies which limit to (1,0) and pass through p, q, respectively. We 
have p = a (£0)5 Q = /3(^o) 5 f° r some to- Consider a point A = 71 (to). Parametrize 
so that when to — » 00, we have a (to) - ^ ^5 /3(^o) — ^ ^ and 71 (to) — > (1, 0). 



B 




We fix /i > 7r and consider the following Jordan curve: 

T to = (p,0),(A,0)U(p,0),(p, ft)U(g,0),(i,0) 

U(g, 0), ( g , /i) U (p, /i), (A, h) U ( 9 , /i), (A, /i). 




(9,0) 

Figure 1: T to 

We consider a least area embedded minimal disk H to with boundary T to . As 
Tt is tranversal to the Killing field Y\ , we can show using the maximum principle 
that T, to is a li-Killing graph with convex boundary, in particular, St is stable 
and unique (see Lemma 2.1 in [3J). This gives uniform curvature estimates far 
from the boundary. Following Appendix C in [4], we can show E to n {0 < t < f } 
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is a vertical graph and then it can be extended by symmetry with respect to 
(p 5 0),(A 5 0) to a larger vertical graph. Thus we also obtain uniform curvature 
estimates in a neighborhood of (p, 0), (A, 0). This is also true for the three other 
horizontal geodesic arcs in T to . 

Observe that, by the maximum principle, for any to, £t stays in the half-space 
determined by BD x R that contains I\ . 

Since h > 7r, we can consider the minimal surface Sh C H 2 x (0, h) which is 
a vertical bigraph with respect to {t = |}, it is invariant by tranlations along 
the horizontal geodesic 70 and whose boundary is (r x {0}) U (0, 1, 0)(0, 1, h) 
U(r x {/i}) U (0, -1,0)(0, where r = docHI 2 fl {x > 0}. For more details 
about the surface Sh, see [HGEEl- 

Let be the flow of the Killing vector field Y\. For / close to 1, the 

translated surface (j)i(Sh) does not meet £t . The surface £t is contained between 
0/(5^) and ~BD x R . When t +00, r to T, where 

r = (q x {0}) U Qg x {0}) U (q x {/i})U 

(/3 x {/i}) U (D,0)(D,h) U (5,0)(5,/i). 

Using the maximum principle, we have that for all t > to, St is contained 
between 4>i(Sh) and Si? x R. Therefore, the surface £t converges to a minimal 
surface £, where £ lies in the region of {0 < t < h} bounded by a x R, (3 x R, 
BD x R and (j>i(Sh)', <9£ = T and £ \ 9£ is a vertical bigraph with respect to 

{* = §}• 

Hence, the surface obtained by reflection in all horizontal boundary geo- desics 
of £ is invariant by ip 2 and T(2h). Moreover, this surface in the quotient space 
H 2 x R /[^ 2 ,T(2/i)] is topologically a sphere minus three points. 

4.2 Vertically periodic minimal surfaces 

In this section we will construct some examples of minimal surfaces invariant by 
a vertical translation. 

Take a any geodesic in H 2 x {0}. For h > 7r, consider the asymptotic vertical 
segment q(+oc) x [0, 2/i], and a point p E <9ooHI 2 . For some small e > 0, consider 
the vertical segment joining p x {e} and p x {h + e}. Now, connect p x {e} to 
q(+oc) x {0} and p x {h + e} to q(+oc) x {2h} by curves in H 2 x R, whose 
tangent vectors never point in the horizontal or vertical directions, and so that 
the resulting curve T is differentiate. Also, consider the horizontal geodesic /3 
connecting p to q(— 00). 

Write a t to denote a(t) x [0,2/i], and for each t consider a curve T t with 
endpoints a(t) x {0} and a(t) x {2/i}, contained in the region R bounded by 
q x R, (3 x R, H 2 x {0} and H 2 x {2/i}, such that its tangent vector never points 
in the horizontal direction and — >► T when t — )> +oc. 
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Fix t. For each n, let be the solution to the plateau problem with boundary 
TtUa([t — n, t]) x {0}Ua([t — n, £]) x {2h}\Ja t - n . Given 7 any geodesic orthogonal 
to a, if we consider Y the Killing field which is the translation along 7, we have that 
dYi™ is transverse to Y and then, using the maximum principle, we conclude that 

is a y-Killing graph, in particular is unique and stable. Hence, by the Main 
Theorem in [7J, we have uniform curvature estimates. Therefore, when n goes 
to infinity, converges to a minimal surface Y t with a(— 00) x [0, 2h] C dooYf. 
We know the surface E™ is contained between a x R and /3 x R, then we have 
dooYit = a(—oo) x [0,2/i] necessarily. 

For each t, T, t C i? and T t -4- T, when t — >> +00. We will show that a subse- 
quence of Yi t converges to a minimal surface E with T C docE. We use suitable 
translations of the surface S^, mentioned before, as a barrier. By our choice 
of T, for each q E T, we can consider two translations of Sh that pass through 
q so that one of them has asymptotic boundary under T and the other one has 
asymptotic boundary above T. Hence, the envelope of the union of all these trans- 
lated surfaces Sh forms a barrier to St, for all t, and then we conclude that 
<9oo£ = rUa(-oo) x [0,2/i]. 

Therefore, the surface obtained by reflection in all horizontal boundary geodesies 
of S is invariant by T(4/i). 

Now we construct another example of vertically invariant minimal surface. 
Consider two geodesies a, in H 2 that limit to a same point at infinity, say 
a(— 00) = (1,0) = 00). For h > 7r, consider a curve T contained in the 
asymptotic boundary of H 2 x R, connecting a(+oc) x {2h} to /3(+oc) x {0} such 
that its tangent vector never points in the horizontal or vertical directions. Also, 
take a point p E <9ooHI 2 in the halfspace determined by /3 x R that does not contain 
a. 

For some small e > 0, consider the vertical segment joining p x {e} and p x 
{h + e}. Now, connect p x {e} to (1,0) x {0} and p x {h + e} to (1,0) x {2h} 
by curves in H 2 x R, whose tangent vectors never point in the horizontal or 
vertical directions, and such that the resulting curve T is differentiate. 

For each t, 5, consider two curves T t and T s contained in the region R bounded 
by a x R, (3 x R, H 2 x {0} and H 2 x {2/i}, joining the point a(t) x {2h} to (3(t) x {0} 
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and a(s) x {2h} to f3(s) x {0}, respectively, such that their vector tangents are 
never horizontal and r 5 — >► T when 5 — >► +00 and — >► T when £ — >► — 00. 



Fix t. For each s > £, let Ef be the solution to the plateau problem with 
boundary T s U a([t, s}) x {2h} U f t U 5]) x {0}. The surface E£ is contained 
in the region i? bounded axK,^xR,I 2 x {0} and H 2 x {2h}. When s goes to 
infinity, a subsequence of S£ converges to a minimal surface E t with T C dooEt. 
We use suitable translations of the surface S^, mencioned before, as a barrier. By 
our choice of T, for each q G T, we can consider two translations of that pass 
through q such that one of them has asymptotic boundary above T, the other one 
under T and their intersection with T is just the point q considered. Hence, the 
envelope of the union of all these translated surfaces forms a barrier to Sf for 
all 5, and then we conclude that dooT^t = T. 

Now, let decrease t. As T t — > T, a subsequence of Et converges to a minimal 
surface E with T C c^E, and using the same idea as in the previous section we 
can show V — c^E. 

The surface obtained by reflection in all horizontal boundary geodesies of E is 
a minimal surface invariant by T(4h). 

5 A perturbation of the Helicoid 

The aim of this section is to proof a multi- valued Rado theorem for small pertur- 
bation of the helicoid. Recall that we denote by t : H 2 x R — »> R the horizontal 
projection. 

Consider Y the Killing field whose flow 00, 9 G [0, 27r), is the rotation by angle 
around the z-axis. For some < c < 1, denote = {(x, y) G H 2 ; x 2 + y 2 < c}. 
Take a helice ho of constant pitch cointained in a bounded slab, say S = {p G 
H 2 x R;0 < t{p) < d} : in such a way that the vertical projection of ho over 
H 2 x {0} is dD. Consider h a small perturbation of this helice with fixed endpoints 
such that h is transversal to Y. Now take the two horizontal geodesies joining the 
endpoints of h to the z-axis. Call T the Jordan curve which is the union of /i, 
the two horizontal geodesies and a part of the z-axis, as illustrated in the figure 
below. 



a x {2h} 



a(+oc} 




(1,0) 
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Let H be the solution to the plateau problem with boundary F. Then, in 
particular, H is a compact minimal disk with dH — Y. 

Theorem 2 (A multi- valued Rado Theorem). Under the assumptions above, H 
is the unique compact minimal disk with boundary T. 

Proof. Let us denote T$ = 4>o(r) and Hq — (/)q(H), hence Hq is a minimal disk 
with 8Hq — Tq. As h is transversal to Y, (^)^g[0,2tt) gives us a foliation of 
R = 7T- 1 (D)nS. 

Let M 7^ H be another compact minimal disk with boundary V. We will 
analyse the intersection between M and each Hq. 

Firstly, observe that M f| Hq ^ for all 9 and by the maximum principle 
M C R. 

Fix 9 . Given q£ H 0o n M, either q E intM or g E T = <9M. 

Suppose q E intM. If the intersection is transversal at g, then in a neighbor- 
hood of q we have i?0 o fl M is a simple curve passing through g. On the other 
hand, if M is tangent to Hq at q, in a neighborhood of q we have i7# fl M is 2fc 
curves passing through g, making equal angles at q. If we let 9o vary a little, we 
see in M a foliation as in the figure below. 




T q M ? T q H 6o T q M = T q H 6o 



Now suppose q E T. If g E T fl {z-axis}, we may obtain a 9 such that T g M = 
T q H$. As M 7^ H, M is not on one side of i7# and we see k curves starting at 
q contained in M fl Moreover, if we vary 9 a little, we obtain the following 
foliation in a neighborhood of q (see Figure [2]). 

On the other hand, if q E T \ {z-axis}, since for 9 ^ 0, Tq fl T \ {z-axis} = 0, 
then = 0, and we can not have M D Hq homeomorphic to a semicircle in a 
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Figure 2: q E T fl {z-axis} 



neighborhood of q. (See Figure 3.) Since then M is on one side of Hq at g which 
contradicts the boundary maximum principle. 



Thus, for 6 close to 0, in a neighborhood of q we have that M D Hq is as in 
Figure 4. 



Consider two copies of M and glue them identifying equal in the boundary. 

As M is a disk, when we glue these two copies of M we obtain a sphere with a 
foliation with singularities, each one with negative index. But this is impossible. 
Therefore, there is no other minimal disk with boundary T besides H. 



Consider /ii a curve in doc H 2 x R which is a small perturbation of a helice 
and the distance between two points in hi in a same vertical line is greater than tt 
and call Ti the Jordan curve which is the union of hi, the two horizontal geodesies 
joining the endpoints of hi to the z-axis and a part of the z-axis. Denote by h t 
a perturbation of a helice over the circle {(x,y) E H 2 ,x 2 + y 2 = t} as before. 
Call the Jordan curve which is the union of ht, the two horizontal geodesies 
joining the endpoints of ht to the z-axis and a part of the z-axis. We choose ht 
so that Ft Ti when t 1. Denote by Ht the minimal disk with boundary Tt. 
We have H t is stable and unique. Thus, as in the previous section we can use the 




Figure 3: 




or 




Figure 4: q E T \ {z-axis} 



□ 
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barriers S a ,a > tt, to prove that when t — > 1, the limit surface i?i exists and has 

0#i = ri. 
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